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x'1=1
Xi > 0
o« 1 P(1)ffdual
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Ji4n] 2K LP ¥ dual

Constructing the dual LP [ edit]
In general, given a primal LP, the following algorithm can be used to construct its dual LP[11:85 The primal LP is defined by:

e A set of nvariables: 1,...,Z,.
o For each variable x;, a sign constraint — it should be either non-negative (x; > 0), or non-positive (z; < 0), or unconstrained (z; € R).

» An objective function: maximize c;z; + -+ ¢ Ty

bjwhere the symbol before the b; can be one of > or < or =.

VIIA

o A list of m constraints. Each constraint jis: aji 21 + -+ - + ajn Ty

The dual LP is constructed as follows.

e Each primal constraint becomes a dual variable. So there are mvariables: y1, ..., Ym.

* The sign constraint of each dual variable is "opposite” to the sign of its primal constraint. So "> b;" becomes y; < 0 and "< b;" becomes
y; > 0and "= b;" becomes y; € R.

o The dual objective function is minimize byy; + -+ + by Ym

e Each primal variable becomes a dual constraint. So there are n constraints. The coefficient of a dual variable in the dual constraint is the
coefficient of its primal variable in its primal constraint. So each constraint /is: a;;y1 + - - + GmiYm § ¢;, where the symbol before the ¢; is
similar to the sign constraint on variable /in the primal LP. So 2; < 0 becomes "< ¢;" and ; > 0 becomes "> ¢;" and x; € R becomes "= ¢;

From this algorithm, it is easy to see that the dual of the dual is the primal.
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(a) The social optimum. (b) The Nash equilibrium.

Figure 8.4: A version of Braess’s Paradox: In the socially optimal traffic pattern (on the
left), the social cost is 28, while in the unique Nash equilibrium (on the right), the social
cost 1s 32.
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